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IV. A Letter from Mr. Colin Mac Laurin, Profef* 
for of Matbematkks at Edinburgh, and F.R.S. 
to Martin Folkes, Bfq; V« Pr. Ri 5. concer- 
ning /Equations with impojfible Roots, 

SIR, 

J Wrote to you laft Winter, that I had thought of a 
very eafie and fimple way of demonstrating Sir 
Ifaac Newton's Rule, by which it may be often difco- 
ver'd when an Equation has impofiible Roots. This 
Method requiring nothing but the common Algebra, 
and being founded on ibme obvious Properties of 
Quantities demonftrated in the following Lemmata, 
without having recourfe to the Confideration of any 
Curve whatfoever, which does not feem fo proper a 
Method in a Matter purely Algebraical, I hope it will 
not be unacceptable. 

Lemma i. The Sum of the Squares of two real 
Quantities is always greater than twice their Product. 
Thus a*r\rb 2 is greater than ^ a I ; becaufe the Excefs 
a'+b 2 --zab is eqaal to ~b\ and therefore is Pofitive; 
fince the Square of any real Quantity, Negative or Po- 
fitive, is always Pofitive. 

Lemma i. The Sum of the Squares of three real 
Quantities is always greater than the Sum of the Pro. 
du<5ts,that can be made by multiplying any two of them. 
Thus a l -\-b 2 -±c 2 is always greater than a b-\-a c-\-b c ; 
for 'tis plain, that the Excefs a^b^—ab—ac-bc 



( »©5 ) 

2 fliJ^ lbiJf, c>~-t a h—-a c—z b c__ a z — 2 a b-^b*~\-it>- —*i at-fc'4 - ^ 

~. a bc-\-c* __ a ~ l +^z c x -ti'ZZ? that is, half the Sum of the 

Squares of the Differences of the Quantities a, b,c: 
But fince thefe Squares are Pofitive, it follows, that 
the Excefs of a*-\-b l -+c* above ab\a c+bc is Pofitive, 
and that the Sum of the Squares of three Quantities 
mull be greater than the Sum of the Products made 
by multiplying any two of them. 

Lemma 3. The triple Sum of the Squares of four 
Quantities is greater than the double Sum of the Pro- 
du#s,that can be made by multiplying any two of them ; 
For 3 <j'4- 3 / a 4- 3 nr'-f. 3 d' — xab — xac — z ad — xbc 

— xb d — x cd = <* s — xab+b 1 4 a a — z a c 4 c ! 4 a x 

— xad + d'+fr — xbd + d'+b'—xbe + f+c* 

— X cd-\-d 2 =,m i +Z^ 1 4- *Td 4 b~c 4 bid 4 eld\ 

the Sum of the Squares of the Differences of the four 
Quantities a, b, c, d. Therefore 3 a 2 4 3 b' 4} c'-\-%d z 
is greater than x a b 4 xac-\-xad-\- x b c 4 xb d 
+ u d, the Excefs being always Pofitive. 

Lemma 4. Let the Number of the Quantities a b, 
c, d, <?, &c. be w, the Sum of their Squares A, and the 
Sum of the Produce s mad e by multiplying any two of 
them B. Then Ihall ZT~~i x a be always greater than B. 

2. 

For by adding together the Squares of the Differen- 
ces a-b, a-c y <t-A, b-c, b-d, c-d, &c. you add a* as 
often to it felf as there are Quantities more than a ; 
the fame is true of b\ c\ d\ e\ &c. But the Rectan- 
gles -x a b, -x ac, —xa d, -x b c, -x bd, &c. arife 
but once each. Therefore the Sum of all. the Squares 

a-b\ ~a~~c> b^c> b—d,&C. =m— iX a-fm — i%b l -\-m— i Xc l , 

&c, — % a b — x a c — zbcJ&Q. =m~iy.d - a B. But a- — I 
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^j_ ~_~' _}, TZf. &c. is always a Pofitive Quantity,' 
therefore m-ix^-iB is Poiitive, and conkquently 
^~7i x a greater than B. 



Cor. Tt appears from the Pemonflration thattheExc* fs 
of m— ii x /* above i Bis always equnl to the Sum of 
the Squares oi the Differences of the Quantities aj,c,<f, 
&c and that when the Quantities a, b, c d &c. ate all 
equal, then m -i *a — z B=o t and with rhis reftricli- 
on the preceding Lemmata muff, be underuood. 

It is to be obferved, that tho* we have iuppofed in 
thefe Lemmata the Quantities a b, c, d, &c Pofitive, 
they are a fortiori, true of Negative Quantities, whofe 
Squares are the lame as if they were Poiitive, while 
the Sum of their Produ&s is either the fame, or lels 
than it would be, were they all Poiitive. 

P ROP. L 

In a Quadratic Equation that has its Roots real, the 
Square of the fecond Term mult be always greater 
than the quadruple Product of the third and firft 
Terms. 

Let the Roots of the Quadratic Equation be repre- 
fented by -f- a and -{-£,• and if at be the unknown 
Quantity, then ihall x 1 — a x-\- ab = o 

— bx 

Now fince a 1 ~\-b l is greater than %ab,hy Lemma i % 
therefore a 1 -j- b x -j- i a b is greater than 43 b , there- 
fore j+bxx'y the Square of the fecond Term, will be 
greater than 4 a by.x 2 the Quadruple Product of the 
firft and third Terms. 

PROP. 
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PROP, II. 

In any Cubic ^Equation, all whofe Roots are real, 
the Square of the fecond Term is always greater than 
the triple Prod u A of the firll and third. 

If the Cub'C ./Equation has all its Roots real they 
may be rtpreiented with their Signs by a, b,c, and the 
Equation will be expreflld thus : 

> 3 — a y*-J- a by — a b c=o 

— &y -j- a c y 

— cy''-\- b cy 

But by Lemma z, a'-i-b'+c* is always greater than 

a b-\-ac-\-b c ; and confequently adding i a b-\-% ac-\-zb c 

to both fides, a , -\-h''-\-C--\- 1 ab-\-x a c-\-i be ..^^ipiip*} 

will be greater than 3 ab-\--$ ac-\-\ be; and therefore 

«-U+c J xj* muft be greater than j^l^TT+JFc y.y\ 
that ;s, the Square ot the fecond Term mutt be greater 
than the triple Product of the firft and third Terms. 

Cor. 1. In general, it appears from the Demonflra- 
tion, that the .Square of the Sum of three real Quan- 
tities, «-f£+c* is always greater than the triple %m 
of all the 'Produces, that can be made by multiplying 
any two of them into one another. 

Cor. z. It follows from the Propofition, that when 
the Square of the fecond Term is not greater than the 
triple Product of the firfl: and third Terms, the Roots 
of the /Equation cannot be all real ; but two of them 
muft be impoflible : And this plainly coincides with 
one Part of Sir Ifaac tfewtons Rule for difcovering 
when the Roots of Cubic ^Equations are impoflible. 

He 
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He deftres you may write above the middle Terms 
of the Equation the Fractions f, y as 
in the Margin } and placing the Sign xt ^ xi ^ x+r=0 
'+ under the firft and Jaft Term, -f- - * -f 
he multiplies the Square of the fe- 
cond Term by the Fra&ion ■} that is above it ; and if 
the Product is greater than the Product of the adjacent 
Terms, he places -f- under the fecond Term ; but if 
that Product is lei's, he places — under the fecond 
Term, and fays, there are as many impoflible Roots 
as Changes in the Signs. Now by this Propofition, if 
j> 2 x* is not greater than 3 qx\ or \ p 1 x* greater. than 
q x* t the Roots cannot be all real. The fame Suppofi- 
tion makes two Changes in the Signs, whatever Sign 
you place under the third Term, fince the Signs under 
the firft and laft are both -f-,- and therefore this Propo- 
fition demon ftrates the firft Part of Sir Ifaac Newton s 
Rule, as far as it relates to Cubic ^Equations. 

Cor. 3. If the fecond Term is wanting in a Cubic 
Equation, and the third is Pofitive, two of the Roots 
of the Equation muft be impojfible : For the Square of 
the fecond Term (equal to nothing in this Cafe) will 
be lefs than the triple Produd: of the adjacent Terms. 
But this will better appear from confidering that, when 
the fecond Term vaniihes in an Equation, the Pofitive 
and Negative Roots are equal,and when added together, 
deftroy each other. Suppofe the Roots to be 4. a and 
— b, — c ', then in this Cafe <*= -f b + c, and the Co- 
efficient of the third Term will be — ab — ac-\-bc 
= — fr — j, be — c 2 -\-bc = < — b 3 — be — c\ andcon- 
fequgntly Negative. Or, if you fuppofe two Roots 
Pofitive and one Negative, let them be — a,-\-b>-\-c % 
then the Coefficient of the third Term will be ltill 
— I* — 1 c — c \ Therefore when the Roots are real, 

the 
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the Coefficient of the third Term is negative j and if 
the Coefficient of the third Term is noc affected with 
a negative Sign, it is a Proof that two of the Roots 
are Impoflible. 

PROP. III. 

In any Cubic ^Equation, all whofe Roots are real, 
the Square of the third Term muft be greater than the 
triple Product of the fecond and fourth Terms. 

In the fame Cubic ^Equation, whofe Roots are a, b t c t 

the Square of the third Term is 7T^f~a7-fTc\ the Pro- 
duel of the fecond and fourth Terms is a 1 hc-\-t b l c 
+ abc\ as is plain from the Inflection of the M- 
quation ; and it is obvious that a 1 b c-f-a b* c-\-a b c % 
is the Sum of the Products of any two of the 
Terms a b,ac, be ; and therefore by Corol. i Prop, 
z. the Square of the Sum of thefe Terms, that is, 
ab + ac + bc* muft be greater than $a l bc-f 3 ab'c 4- 
3 a c* b. So that a b+™ + Fc l xj** muft be greater than 
3«»*c + 3«*»«?-f-3«e** x^j that is « tne Square of the 
third Term muft be greater than the triple Product of 
the fecond and fourth Terms. 

Cor. 1. It follows from the Demonftration , that 
7b~\-ac-\-bc l is always greater than 3 a be x a+b-fl. 

Cor.z. If the Square of the third Term is found 
to be lefs than the. triple Product: of the fecond and 
fourth Terms, then the Roots of the Equation cannot 
be all real Quantities ,• and this concludes with the fe- 
cond Part of Sir Ifaae Newton's Rule for finding when 
the Roots of a Cubic Equation are 4 ^ 

impoflible: For this Cafe gives — - to *5-j_ p 3 **_|_/x+r=.0 

be placed under the third Term, and +* r* 

P con- 
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confequently two Changes of the Signs, whatever Sign 
is placed under the fecond Term. 

Schol. After the fame manner,it may bedemonftratedv 
that in a Cubic/£quation,whofe Roots are all real, if the 
fecond Term is wanting, the Cube of the third Part of 
the third Term taken positively, is always greater than 
the Square of hatf the laft Term. Suppofe that the 
Roots of the Equation are -f- df, -= — b, — c> or — <*,-}-£, 
-\-c, and that <j=£fc, then the fecond Term in the li- 
quation wiH be wanting, and the other Terms will be 
exprelTed thus : 

j»# — fry&Jbc xb + e 
— bey 

^~ c* y 

The Square of I — c is always pofitive, fince b and c 
are real Quantities. Suppofe it, (viz. b* — z bc-$-c*') 
equal to £>, then fr+bc+c*— D -f 3 bc> and iTfc* 
== D+4 b c. Therefore b* + bc + c^jn j^B*k+ ob* 

c i 4. fa ei> an( j fa C i x . _±i _ l fa c) , Now 'tis obvious 

4 4 

. t Di , W-bc , . , . , £**£* 

that — -| + Dfcf+b* c l is greater than —£~ 

4- fc c\ y flnce D is pofitive, and b c alfo pofitive, b and 
c being Roots having the fame Sign. Therefore the 
Cube of f of the third Term having its Sign changed 

jp+tc+c* ) - a i ways greater than the Square of 

half the laft Term (= h s xli^-). In the Cubic M- 
quation x 5 # +fx + r=», if 2 be pofitive, or if it 

be 
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be negative and ~ z y be left than ^ r% it appears that 

two Roots of the ^Equation muft be tmpoffible, from 
this Corollary, and from Or. 3. Prop. z. taken toge- 
ther. 

PROP. IV. 

In a Biquadratic Equation, all whofe Roots are real 
Quantities, ^ o\ the Square of the fecond Term is al- 
ways greater than the Produdt of the firft and third 
Terms ; and 4 of the Square of the fourth Term is al- 
ways greater than the Product of the third and fifth 
Terms. 

i. Let the Equation be x 4 — p x*-4-# x 1 — r x-\-s^=o j 
and fince the Roots are fuppofed to be all real, let 
them be reprefented by a . b\ c, d, then p=a+b-\*+d, 
and q^a b-^a f-f-a d-^-b c-\-b d-\-c d But it is plain from 
Lemma 3, that 3 a 2 -j- 3 b 1 + 3 c * 4. 3 dp is greater than 
% a b-\-x ac+% a d+ x b c -j- z b d<\- zed; and con- 
sequently by adding 6ab + 6ac + 6 a d+ 6bc-\> bid 

4. 6 c d to both, we ihall find that 3 x«-f*4-c+/ 
muft be greater than %ab-\.%ac-\-%a d-{~ 8 b c-f 8 
£ y.f 8 c //,♦ that is, 3 ^greater than 8 q $ and there- 
fore 4 ^ x 6 greater than j x 6 . 

x. Since r*=abc -\-abd-\.a c d -\-b c d, and j= 
abed; and finCe y j is equal to <7 X £* c rf 4- <i x c 1 b d + 
<*»</* be -f. # c l ad-\-frd i ac+c 1 d i a b t which are the 
Produces can be made of any two of the Quantities 
a be, abd, ac d, b c d, whofe Sum is r multiplied by 
one another j it follows, that 3 r 2 is always greater than 
8 q s : So that i of either the Square of the fecond 
Term, or of the Square of the fourth Term, muft al- 

P z ways 
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ways be greater than the Praduft of the Terms adja- 
cent to them. 

Cor. Multiply either the Square of the fecond Term,or 
the Square of the fourth Term of a Biquadratic &quto* 
tion by *, and if the Product does not exceed the Pro- 
duct of the adjacent Terms, fome of the Roots of that 
^Equation mult be impoflible. 

PROP. V. 

In an Equation of any Dimenfion exprefled by w, 
the Coefficients of the fecond, third, lad, laft but one, 
and laft but two Terms, being refpe&ively A % B> B> 
DyC, if the Roots of the Equation are all real, then 
iliall ~i x a* always be greater than- % m B, and m- 1 x 
X? 1 greater than i m C E. 

i. For fuppofing the Roots to be a\ b y c, d\ e, &c. 
then by Lemma 4, fliall m—\ x « l +»»— 1 x b i -\~m— 1 x<?» 
&c. begreater than % a A 4 . xac + xa d, &c. and ad- 
ding %m~— ix«H i,w-i)(«+ a w— aX/«^,&C. tO both, 

the Sum w-i x;«*-f-*»»-*x**4"»»— ~» x.J'-f- &c (=»»_ 1 
x 4 '+ i + c, &£*) muft be greater than tw«^tmt>; 
4- %mad,&cc. that is, m-ix/ muft be greater than 
zm B. 

a. In general, it. follows from this Demonftration, 
that the Square of the Sum of any Quantities whofe 
Number is (m") multiplied by m — 1, muft be greater than 
the Sum of all the Produ&s can be made by multiply- 
ing any two of them, multiplied by iw. But it is eafie 
to fee from theGenefis of/£quatidns,that G E is the Sum 
of the Produces can be made by multiplying any two of 
the Terms whofe Sum is D: From which it followsythat 
m-i x d 1 muft be always greater than xmCE. 

to he continued. V. A 



